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Abstract
The q-deformed harmonic oscillator is studied in the light of q-deformed
phase space variables. This allows a formulation of the corresponding
Hamiltonian in terms of the ordinary canonical variables x and p.
The spectrum shows unexpected features such as degeneracy and an ad-
ditional part that cannot be reached from the ground state by creation
operators. The eigenfunctions show lattice structure, as expected.
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Introduction
In a previous paper [1] we have introduced the q-deformed phase space and we
have seen that it can be embedded in ordinary phase space. Thus the dynamics
of a Hamiltonian expressed in terms of q-deformed phase space variables can be
interpreted as the dynamics of a quantum mechanical Hamiltonian with compli-
cated interactions but in the standard Hilbert space of quantum mechanics.
A. Macfarlane and L. Biedenharn [2, 3] have studied the q-deformed harmonic
oscillator based on an algebra of q-deformed creation and annihilation operators.
They have found the spectrum and eigenvalues of such a harmonic oscillator under
the assumption that there is a state with a lowest energy eigenvalue.
In this paper we are going to express the q-deformed creation and annihilation
operators in terms of q-deformed phase space variables and we obtain this way
an ordinary Hamiltonian that can be diagonalized due to our knowledge of the
q-deformed system. The spectrum, however, has a richer and more complicated
structure than one would have expected. There is the part with a lowest eigenvalue
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Above E[1] there is an unbounded spectrum which has no lowest eigenvalue:
En = ! (
1
1− q−2
+   q2n) n = −1;    ;1
 is related to the mass and the frequency of the undeformed oscillator. The
spectrum is twofold degenerate. In the limit q ! 1 the unbounded part of the
spectrum disappears. The degeneracy of the bounded part is lifted as the support
of the eigenfunctions is shifted away for half of the eigenstates, the other half
tends to the eigenfunctions of the ordinary oscillator. This will be explained in
detail in this paper.
The model shows a general feature of q-deformed dynamical systems. In the
neighbourhood (q 6= 1) of ordinary quantum mechanical systems we can expect
a class of Hamiltonians that can be diagonalized if the ordinary Hamiltonian can
be diagonalized. The parameter h of q = eh can be interpreted as an interaction
constant, however, the quantum mechanical problem is solved non-perturbatively.
The interaction produces a richer spectrum and the eigenfunctions exhibit lattice-
like structures.
In chapter 1 we dene the model. In chapter 2 and 3 we diagonalize the Hamil-
tonian and nd its eigenfunctions for the bounded and unbounded part of the
1
spectrum. In chapter 4 we relate the model to a quantum mechanical model and
show that it is a q-deformation of the undeformed harmonic oscillator. In chapter
5 we study the transition of the wave functions to those of the ordinary harmonic
oscillator in the limit q ! 1. In chapter 6 we show that q-deformed Hermite
polynomials arise in a natural way.
1 The model
The q-deformed harmonic oscillator has rst been studied by A. Macfarlane [2] and
L. Biedenharn [3]. They introduced the algebra of q-deformed creation and anni-
hilation operators and they computed the spectrum of the corresponding Hamil-
tonian, H = !a+a, assuming the existence of a ground state.
We shall express the creation and annihilation operators in terms of q-deformed
phase space variables [1]:
q
1
2 X P − q−
1
2 P X = i U
U X = q−1X U ; U P = q P U
(1.1)
We assume q to be real and q > 1.
The algebra (1.1) allows X and P to be hermitean and U unitary:
X+ = X ; P+ = P ; U+ = U−1 (1.2)
The operators
a = U−2M +  U−M P
a+ =  U2M +  P UM (1.3)
with M 2 IN , ;  2 Cl , satisfy the algebra
aa+ − q−2Ma+a = (1− q−2M)  = 1 (1.4)
The right hand side can be normalized to 1 for M > 0, q > 1. This determines
 up to a phase. In chapter 4 we shall relate  to the mass and the frequency of
the undeformed harmonic oscillator and we shall see that  = .
The operators a and a+ play the role of annihilation and creation operators (for
M < 0 ; a and a+ would change role and we would deal with the same algebra).
A more general expression for a and a+ in terms of P , X and U has been studied
in ref. [4] and by J. Seifert [5].
From (1.4) follows that a lowers an energy eigenvalue E of the Hamiltonian






For E > E[1], a and a
+ change their role, a raises and a+ lowers the energy.




















For m! −1, the eigenvalue approaches E[1], independent of E0. This leads to
a representation that does not have a "lowest weight" state. Such representations
have been studied in ref. [6] as well.
For E = E[1], a and a+ do not change the eigenvalue.
That we have to encounter eigenvalues E > E[1] follows from the following short
argument.
The representations of the algebra (1.1) have been studied in ref. [1] and we know
that P is an unbounded operator:
P jn; i = qn jn; i (1.7)
 = +;− ; n = −1; : : : ; +1
From (1.3) follows that a+a cannot be bounded either:
hn; ja+ajn; i = +   q2n : (1.8)
2 The bounded spectrum
By an explicit construction we show that the Hamiltonian H = !a+a has eigen-
values E < E[1]. In this energy range the operator a lowers the energy eigenvalue.
As the eigenvalues of H cannot become negative we have to assume the existence
of a "ground" state:
a j0i(M) = 0 (M)h0 j 0i(M) = 1 (2.1)




jni(M) = [n]M jni
(M) (2.2)
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and explains our notation E[1].













with 2M independent solutions. We dene
~c(;)m = c
()
mM+ 0   < M ;  2 IN 0 (2.7)














~c(;)m jmM + ; i (2.9)
0   < M ;  = +;− :
Due to the factor q−
1
2
Mm2 they are all of nite norm. On each of these ground
states we can act with the creation operator a+ to obtain exited states. The
spectrum will be 2M times degenerate.
















It is dierent from zero and the sign depends on .
The exited states can be obtained by acting with a+ on the ground states. For











The expectation value of the momentum operator decreases in absolute value.
In analogy to ordinary quantum mechanics the eigenstates can be found by solving
the recursion formula associated with the eigenvalue problem:
H jEi = E jEi (2.12)




For simplicity we treat the case M = 1, ! = 1. The respective recursion formula
is:
E cn = (+  q
2n) cn +   (q
ncn−1 + q
n+1cn+1) (2.13)
where we used  = .
The solution (2.9) with (2.8) for M = 1 suggests the following ansatz:





































l = −1; : : : ; K
For l = K we learn




These are our energy eigenvalues for E < E[1] = . They are determined from
the requirement that the series (2.16) terminates. The other values of l determine
l+1 in terms of l. We nd −1 = 0 in agreement with the ansatz (2.16).
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If we did not make a polynomial ansatz, eqn. (2.17) would tell us the asymptotic








This is the behaviour of a series of the form l  q−l
2
. Such a series can be
summed and behaves like qn
2
. This would lead to non-normalizable states. So our
ansatz (2.14) with (2.16) does not lead to the eigenstates for E  E[1].
For E = E[1] = , the recursion formula (2.13) is identical to the one of ref. [7]
(eqn. (15)) for coecients dn = (−iq)ncn. There it was shown that the recursion
formula leads to a unique solution with the corresponding state normalizable.
This solution can be expressed in terms of q-deformed cosine and sine functions.
For E 6=  the recursion formula (2.13) has terms tending to innity for n! +1
and n!−1. For n! +1, (2.13) tends asymptotically to the recursion formula
of ref.[7] with the above substitution dn = (−iq)ncn. The same is true for n! −1
with the identication dn = inc−n. This determines the asymptotic behaviour of
the exact solution of (2.13) for n! 1 which will only match for certain values
of E.
That these solutions of the recursion formula exist will be shown in the following
chapter.
3 The unbounded spectrum
To compute the spectrum above E[1] we retreat to perturbation theory. The
simple form of the interaction will allow us to draw exact conclusions. In the
following we set M = 1 and ! = 1. We will only treat the case  = +1 (1.7), the
case  = −1 is analogous.
The complete Hamiltonian is











H0 = +   P
2
H0 is diagonal in the momentum representation:
H0 jmi =

 +   q2m

jmi  E(0)m jmi (3.3)
As  = 1
1−q−2 = E[1] we see that all the unperturbed energy eigenvalues are
larger than E[1].
6
It is obvious from (3.2) that the rst order correction E(1)m to the energy eigenvalue
is zero. An explicit calculation shows that this is also true for the second order
correction E(2)m . We shall prove by induction that the corrections to the energy
eigenvalues are zero to all orders.
The standard expression in perturbation theory [8] for E(l)m , with the assumption





hmjHI jnl−1ihnl−1jHI jnl−2i    hn1jHI jmi
(Em −Enl−1)(Em −Enl−2)    (Em − En1)
(3.4)
This sum is restricted to nr 6= m.
The nonvanishing matrix elements of HI are
hn + 1jHI jni =  q
n+1 (3.5)
hn − 1jHI jni =  q
n
As this restricts the jumps in n to n = 1 we conclude from the restriction
nr 6= m that the sum (3.4) splits in a natural way into two parts nr > m for all r
and nr < m. We shall show that these two contributions are equal in magnitude
and opposite in sign.
For any "path" nr = m + kr (r = 1; : : : ; l − 1) with all kr > 0 there is a path
n0r = m−kr. We compare their contributions to (3.4). First we notice that, due to
(3.5), l has to be even. This leads to an odd number of factors in the denominator
and an even number of factors in the numerator. From the contributions to the
path we separate the rst and the last step in the two cases:













The rest of the factors will give the same contribution in both cases:
hnl−1jHI jnl−2i    hn2jHI jn1i


























(l−2) results from the following consideration. Looking
at (3.5) we see that starting from a state jnji at the right hand side we get
factors qnj+1 or qnj depending whether the state on the left hand side is jnj + 1i
7
or jnj − 1i. In our path we have to have as many "increasing" as "decreasing"
matrix elements. For each of the 1
2
(l − 2) "increasing" steps (the rst and last
step we treated separately) we have a factor of q in addition to the factor qnj .
Now we look at the corresponding contribution from the path n0r = m− kr:
hn0l−1jHI jn
0





































(1− q−2k1)    (1− q−2kl−2)
(3.8) and (3.9) give the same contribution. There is no change in sign as in (3.6)
and (3.7) because there is an even number of factors in the denominator. This
completes our proof by induction and we get the surprising result
Em = E
(0)
m =  + 
 q2m (3.10)
It determines E0 in (1.5):
E0 =  +   (3.11)
After having found the exact energy eigenvalues we will now proceed to calculate





where jni are the momentum eigenstates and the eigenstates of the unperturbed









l;k for k 6= 0 ; c
(m)
m = 1 (3.13)
After having shown that the energy corrections are zero we have the following







hm+ kjHI jnl−1ihnl−1jHI jnl−2i    hn1jHI jmi
(Em − Em+k)(Em − Enl−1)    (Em − En1)
(3.14)
For k > 0 we have nr > m for all r, for k < 0 we have nr < m. Each term of the




 (qn n;n0+1 + qn+1 n;n0−1)
  q2m(1− q2(n−m))
(3.15)
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We rst take care of the case k > 0. There we have the following estimate for the
factors:  hnjHI jn0iEm − En
  j j q−m 11− q−2 (3.16)
There are l factors of this type in each term of the sum (3.14). There certainly
cannot be more than 2l terms in the sum. Remember that at each of the l steps
in the "path" we can at most go one step up or one step down.
This now leads to the estimate a(m)l;k   j jlq−ml 1(1− q−2)l 2l (3.17)
Furthermore we see from (3.14) that
a
(m)
l;k = 0 for l < k (3.18)
Now we get an upper bound for c
(m)
m+k for k > 0:





















and the sum in (3.19) converges.
We could make a similar estimate for the case k < 0. By a general analysis of the
recursion formula (2.13) we will rather relate this case to the case k > 0.
We substitute (3.10) for the energy eigenvalues in (2.13) and obtain a recursion










































m−(k−1) − q c
(m)
m−(k−2)
If we substitute c(m)m−k = (−q)
















m+k not only satisfy the same recursion relation but also have







The previous estimate (3.19) now tells us that
























This of course is a very rough estimate but it proves the existencs of normaliz-
able states for m large enough. The other energy eigenstates of the unbounded
spectrum can be reached by applying the operator a+.
Perturbation theory can be used much more ecently to give the exact coecients
c(m)n in the expansion of the eigenstates (3.12). This will be shown now. We rst
exhibit the m-dependence of the coecients c(m)n by having a closer look at (3.14)
and (3.15). As in the study of the energy eigenvalues it is useful to label the path
by nr = m+ kr as in (3.8). Equation (3.15) becomes












The m-dependence is entirely contained in the factor 














q−m) ; c(m)m = F0(










q−m) jm+ ki (3.30)
We now use the fact that the operator a applied to this state leads to a state


























n =  c
(m)




As we know that c
(m+1)
m+1 = 1 we nd
γm =  c
(m)
m−1 +  q
m (3.33)
We are now going to combine the relations (3.21), (3.32) and (3.33). The recursion
relation (3.21) can be written in the form
 c
(m)
n−2 +  q
n−1 c
(m)
n−1 =  q
2m−(n−1) c
(m)
n−1 − q c
(m)
n (3.34)
From equation (3.32) we nd
γm c
(m+1)
n =  q
2m−(n−1) c
(m)
n−1 − q c
(m)
n (3.35)
Setting n = m and using the explicit m-dependence of the c(m+l)n when expressed













This is an equation that can be solved for F−1, at least perturbatively. We abbre-

















equation (3.37) allows us to compute the coecients dk. We nd that d2k = 0 and










(1− q−2)3(1− q−4)(1− q−6)
This reproduces in a very compact way the result one obtains for the coecient
c
(m)


















The other coecients c(m)n can now be calculated from the recursion formula (3.21).
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4 The model and its relation to the undeformed
harmonic oscillator
In this chapter we are going to show that the Hamitonian of the previous chapters
can be interpreted as a q-deformation of the usual harmonic oscillator. We shall
express the q-deformed phase space variables X, P and U in terms of the usual
canonical variables as we did in ref. [1]:




with [x^; p^] = i ; x^+ = x^ ; p^+ = p^ (4.2)
As a consequence of (4.2), P and U will satisfy (1.1) and (1.2).
We realize the relations (4.2) as follows:
x^ = x ; p^ = p+
1q
1− q−2M




We now insert (4.1) into (1.3) and study the limit q ! 1, which for q = eh means
h! 0.











h is a natural expansion parameter. In (4.3) a similar singular





























The singular terms cancel if:
 γ = −ei (4.6)














There are two possibilities to identify (4.7) with the usual annihilation operator
of the harmonic oscillator:
ei = i ; γ = 
p






The relevant dierence of these two choices is the sign of γ. The constants m, !
are the mass and frequency of the unperturbed oscillator.
The next term in the expansion is easily computed:







γ2x2) +    (4.9)
The two signs refer to the two choices in (4.8).
For the Hamiltonian we compute:







p (1− 3m!x2) + (1− 3m!x2) p

(4.10)
The Hamiltonian H = !a+a can be viewed as a quantized harmonic oscillator
with specic interactions where
p
h appears as a coupling constant. In this sense
it represents a q-deformation of the harmonic oscillator. It is interesting to write












































This Hamiltonian has eigenfunctions with the eigenvalues (2.2) and (1.5). For






















0 jnM + ; ijsi
As we are dealing with reducible representations of the algebra (1.1) where we
express P , X and U in p and x as in (4.1) and (4.3) we have to label the irreducible
parts by the variable s. We follow the notation of ref. [1]. The sign factor 
again refers to the two choices in (4.8).
The eigenstates of P now have to be expressed in a basis which is labeled by the











































These eigenfunctions live on a q-deformed lattice in momentum space. For
 = +1, p0 ranges from 
q
2m!






























They can be seen to be eigenfunctions of the Hamiltonian (4.11) without ever
referring to q-deformation. The excited states can be obtained by applying the
a+-operators expressed in terms of x and p=−i @
@x
to the ground state wave func-
tions.
It is interesting to see the limit q ! 1 on the wave functions, this will be done in
the next chapter.
5 The wave functions in the limit q ! 1
The q-deformation of the Hamiltonian has led to a degeneracy of the spectrum
that is not encountered for h = 0. It is interesting to see how the wave functions
of the q-deformed oscillator behave for h ! 0. First we realize that for h ! 0
E[1] !1. The part E > E[1] disappears from the spectrum.
To study the behaviour of the wave functions for E < E[1], we start with the












(n2+n) c0 jn; i (5.1)















−h(n2 + n) + n ln 2mw
1−q−2
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This expression will be singular for h! 0 and we want to estimate its behaviour.



























The sum in (5.3) can be estimated by considering it to approach the upper and















cn jn;+i ; (5.5)






We identify the points of the "lattice", according to (4.3), with points p in R1:









For the sake of deniteness we have chosen the positive sign for γ in (4.8). We
see that the variable p will range from −
q
2m!
1−q−2 to +1, if  = +1. If  = −1,
p will range from −1 to −
q
2m!
1−q−2 . In the limit h ! 0, the support of the wave
function for  = −1 will disappear, for  = +1 it will range from −1 to +1.
If we had chosen the other sign for γ in (4.8) the roles of the  = +1;−1 states
would have been interchanged. This shows how the -degeneracy of the states
disappears.
Let us now transform (5.6) into an integral with the identications (5.7) for
 = +1. We have:


























































This is the formula by which we identify the wave function of the ground state in
the limit h! 0.





























































































This is the correctly normalized ground state wave function of the undeformed
harmonic oscillator.
It is easy to see that for M 6= 1 all the dierent wave functions for the ground state
collapse to the same wave function (5.12). Thus all the degeneracy is removed in
the limit h! 0.
The excited states are obtained from the ground states by applying creation op-
erators. As these operators tend to the undeformed creation operators of the
harmonic oscillator we reproduce all the wave functions of the undeformed oscil-
lator. It is not surprising that a direct calculation on the states dened by the
coecients (2.16) leads to the same result.
6 q-deformed Hermite polynomials
We recall the denition of the ground state (M = 1)
a j0i =

U−2 +  U−1P

j0i = 0 (6.1)
16
with the immediate consequence:











The ground state as well as the one-particle state can be obtained by applying a
polynomial in X to the groundstate. We are going to show that this is true for

















H(q)n will turn out to be a polynomial of degree n, satisfying a q-deformed recur-
sion formula for Hermite polynomials. The normalization and the scaling of the








are chosen to identify H(1)n () with the usual Hermite polynomial.
To prove eqn. (6.4) we start from the following relation which can be obtained
from the denition of the algebra (1.1)
























j0i = 0 (6.7)
For n = 0, this is just equation (6.3). With the help of (6.6) the step n to n+ 1
is easily veried.
Eqn. (6.7) shows that H(q)n () is a polynomial of degree n in . Eqn. (6.7) can













j0i = 0 (6.8)
















0 () = 1 ; H
(q)
1 () = 2 q
−1
2  (6.10)
then H(q)n+1(), obtained from (6.9), will be the correct polynomial in (6.4).
For q = 1, (6.9) is just the recursion formula for Hermite polynomials and (6.10)
are the rst two Hermite polynomials.
We found that the states of the spectrum of the q-deformed harmonic oscillator
for E < E[1] = !(1 − q−2)−1 can be obtained by applying q-deformed Hermite
polynomials to the ground states j0i(=+1) and j0i(=−1). However, as indicated in
(1.8), these states do not form a complete set of states in the Hilbert space where
P and X are represented. This is in contrast to the case q = 1.
The orthogonality relations of the eigenstates of the Hamiltonian lead to inter-
esting orthogonality relations for the q-deformed Hermite polynomials. They will
involve the q-deformed cosine and sine functions as the ground state in (6.4) will
have to be expressed in the X-basis.
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